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ABSTRACT 

Let V be a Banach space whose dual V* is Va~ik, that is, weakly countably 
determined. Then an equivalent locally uniformly rotund norm on V is 
constructed. According to a recent example of  Mercourakis, this is a real 
extension of an earlier result of Godefroy, Troyanski, Whitfield and Zizler, 
where V* has been a subspace of a weakly compactly generated Banach space. 

There are known four renorming results on weakly compactly generated 
Banach spaces: I f  V is weakly compactly generated, then V admits a locally 
uniformly rotund norm (Troyanski [ 10] modulo Amir and Lindenstrauss [ 1 ]) 
and its dual V* admits a dual strictly convex norm (Amir and Lindenstrauss [ 1 ] 
modulo Day [2, pp. 94-100]). I f  the dual V* is a subspace o f  a weakly compactly 
generated Banach space then V has a locally uniformly rotund norm (Godefroy, 
Troyanski, Whitfield and Zizler [4]) and V* also has a dual locally uniformly 
rotund norm (Godefroy, Troyanski, Whitfield and Zizler [3]). 

Va~ik in his famous paper [ 11 ] defined a more general class than the weakly 
compactly generated spaces are: He says that a Banach space V is weakly 
countably determined, now also known as a Vag~k space, if there are a 
subspace E' of N N, N means the natural numbers, and an upper semiconti- 
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nuous, compact valued, and surjective mapping O:E'-- '(V, w), where w 
denotes the weak topology. In his paper Va~ik also shows by adaping the 
method used for the weakly compactly generated spaces that the VoA(lk space is 
renormable in the locally uniformly convex manner. Recently Mercourakis [6] 

showed that V* is dually strictly convexifiable provided that V is a VaAdk space. 
In this paper we will prove one of the remaining extensions: 

THEOREM 4. I f  the dual V* o f  a Banach space V is a Va~dk space, then V 
admits an equivalent locally uniformly rotund norm. 

It should be noted that Mercourakis has recently constructed a dual Vag~ik 
space which is not a subspace of a weakly compactly generated space [7]. So the 
above theorem is a real extension of the known one [4]. 

For the proof of Theorem 4 we shall need both a Vag~ik result that a Vag~ik 

space admits a "long sequence" of nice projections [11], [5], [9] and that of 
Mercourakis [6, Theorem 2.5]. The main tool in the proof will be an extension 

of a technique from [10] in the sense that we shall replace the Use of the space 
c0(F) by a more general space C~(M • K), M separable metrizable and K 
compact, introduced by Mercourakis in his paper [6]. Recall that f ~  

CI(M •  if and only i f  fElo~(M X K) and f restricted to L • K lies in 
co(L X K) for any compact L C M. We shall consider C~(M X K) with the 
supremum norm, under which it is a Banach space. 

We shall need. 

THEOREM 1 (Va~ik). Let (V, II �9 II ) be a Vagdk space and let la be the first 
ordinal o f  cardinality dens V. 

Then there exists on V a projectional resolution o f  the identity, that is, there is 
a "long sequence" {Q~ : to <__ a <= It } oflinearprojections on Vsuch that Qo, ~ 0, 
Q~ = identity, and for all to < a <= # the following hoM: 

(i) II Q~ II = 1, 
(ii) Q~Qa -- QaQ~ = Q-~ i f  to <-_ fl < a, 
(iii) dens Q~ < card a, and 

(iv) for each vE V the mapping fl ~ Qav is continuous at a in the norm 

topology. 

The next theorem, due to Mercourakis [6], was originally formulated and 

proved in the language of the spaces of continuous functions. Also the proof 

was performed with help of a well known Gul'ko construction [5], which is 

rather topological. Another proof is due to Pol [8]. In what follows we present 
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our own, perhaps simpler, and fairly function analytical proof. Let N* denote 
the one point compactification of the discrete set N. 

THEOREM 2 (Mercourakis). Let V be a Va#cik space. 

Then there exist Z' c N N, an ordinal v, with card v = dens V, and a finear 

bounded one to one mapping S : V* --* C~(Z' X [to, v] • N*), which is also 

weak* to pointwise continuous. 

PROOF. Write V = r where Z' C N N and O is an upper semicontinuous 
compact valued mapping from Z' to (V, w). By transfinite induction over 
dens V and with the help of Theorem 1 we can find a new "long sequence" of 
linear projections {P, : RE[to, v]}, n some ordinal with card v = dens V, 

which has the same properties as Q~ (maybe except (i)) and moreover with 

(P,+~ - P,)V separable for every RE[to, v), see [2, pp. 165-166]. So there are 

sequences {hi" n ~N},  JJ h~ JJ _-< 1/n, which are contained and are linearly 
dense in (P~+~ - P,)V. Further, for any RE[to, v) and any n ~ N  find tr~ EZ '  

such that hl E r Finally define a mapping S:  V* --*/o~(Z' X [to, v] • N*) by 

Sv*(a, a, n) 

=J ' (v* ,h~ )  i f t r = ~ ,  a < v ,  n E N ,  

[0 otherwise, 
(a, a, n ) E Z '  X [to, v] X N*. 

Clearly, S is well defined (as II hl II ~ l/n), linear, bounded, and weak* to 
pointwise continuous. It is also injective. In fact, take any 0 ~ v * ~  V*. As 
U{(P~+~ - P , ) V :  to < a < v} is linearly dense in V by Theorem l(iv), there 
is RE[to, v) such that v* restricted to (Pa+~-P , )V  is not identically zero. 
Hence there is n ~ N such that 

(v*, h l )  ~ O. 

It means that Sv*(a~, a, n) # O; Sv* v~ O. 

It remains to prove that the range of  S lies in CI(~J X [o), l. t] X N*). So take 

any v* E V*, fix some compact K c Z' and let e > 0 be given. We are to show 
that Sv* restricted to K • [09, v] X N* belongs to co(K X [09, v] • N*). By 

contradiction, assume there exists a one to one infinite sequence 
{(am, am, nm)} in K • [to, v) • N such that 

ISv*(tr,,,, a,,, n,,)[ > e  for all m ~N.  

As [[ hl J[ _-< 1/n for all ot and all n, it follows that the sequence {am} must 
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contain infinitely many different elements. Let us, for simplicity, assume that 

am v~ ak if m ~ k. Note that am = a,~; thus 

I (v*, h,,~)I > e .  

But h ~ - E ~ - )  = ~am) C ~(K), which is a weakly compact set owing to the 

properties of  ~. Let h be a weak cluster point of  the sequence {h~-}. As am ~ ak 
for m ~ k, it follows that (P~+~-P , )h  = 0  for each a~[og,  v). Hence by 

Theorem 1 (iv) h = 0. But on the other hand we have 

I(v*,h)l  ~ l i m i n f  I (v*, h~.-)l ~ e > 0 ,  
m~oo 

a contradiction. Hence Sv* lies in C,(Z' • [09, v] X N*). 

The next lemma is an extension (and a small correction) of  [6, Lemma 

4.10(b)(ii)], where A was a singleton. Let nl denote the canonical projection of  

M X K onto M. 

LEMMA. Let M be a separable metric space and K a compact space. 
Then the topology o f  M has a countable base { U. }, closed under finite 

intersections, and such that for every f E C~(M • K), for every finite set A C 
M • K, and for every A > 0 there is n ~ N such that 

U. D n~(A) and f((U. \ n1(A)) X K) c ( - A, A). 

PROOF. Let U' be a countable base for the topology in M. Let U be the 

smallest family of  subsets in M which contains U'  and is closed under finite 
unions and finite intersections. Clearly U is countable; write U = { U, }. 

L e t f E C l ( M  x K), a finite set A C M • K a n d  A >  0 be given. It is easy to 

find a sequence {ni} c N such that U,, D U,, D �9 �9 �9 D 7tl(A ) and 

~"~I(A) = f i  ~nj .  

Assume now, by contradiction, that for every i E N  there is (at, k;)E 

(U,, \ n,(A)) X K such that If(ai, ki)l > A. Then we can easily check that the 

sequence {(a~, k~)} is infinite and the set {(a~,k~)} U hi(A) • Kis  compact. And 

this contradicts the fact that f i s  an element of  CI(M • K). �9 

The following theorem was proved in [6]. We present here a slightly different 

proof. 
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THEOREM 3 (Mercourakis). Let M be a separable metric space and K a 
compact space. 

Then CI(M X K) admits an equivalent strictly convex norm. 

PROOF. Let { Un } be the base from Lemma. For X c M X K we define a 

pseudonorm I. Ix on C~(M X K) by 

Ifl~ =sup{,=,~ 4-"f (z , )2Zx(z , )  �9 (T,} C M X K ,  T, # r ,  if n # m } ,  

where gx(Z) = 1 if z ~ X  and Zx(Z) = 0 if r ~ M  X K \  X. Further define for 

n ~ N pseudonorms II. II, by 

II fll.  = I f  Iv, x• 

and finally put 

II f II 2 = 2 4 -" II f 11,2 + II f II ~, 
n z l  

f E Cl(M X K), 

where  II. II ~ is the supremum norm. As I. Ix < II- II ~, II. II is an equivalent 
norm on CI(M X K). 

Let us consider an arbitrary h ~ CI(M • K) and any tr E M .  By Lemma there 

is a sequence {n~} C N such that for all i E N  

aEU, ,  and h ( ( U , , \ { a } ) X K ) c ( -  1/i, 1/i). 

Then by the triangle inequality 

I IIh I 1 . , - I h l c o ~ x x l  = I Ihlu. , •  Ih ICu.,\{o~)xx = < 1/i, 

as I. Ix --< II- II ~. Hence 

(1) I h ICo}xK = lim II h I1,,. 
i 

Now we are ready to prove that the norm II. II is strictly convex. Let 

f ,  g ~ C I ( M  • K) be such that II f l l  = II g II = �89 II f + g  tl. From convexity 

we deduce that II fll. -- II g II. = �89 II f +  g II, for all n EN.  As {U,} is closed 
under finite intersections, it is easy to verify that for any tr E M  there is a 
sequence {n~} c N such that (1) holds whenever h is replaced either by f ,  g, or 

f +  g; thus 

Ifl{~}xK = Igl{~}xK = �89 g)l[o}xx. 
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Now we know that the restriction h ]{~}xr of  any h ~ C t ( M  X K) to the set 
{a} X K belongs to c0({a} X K) and we can observe that ]h I{~}x/~ is nothing 

else than the Day 's  norm of  h [{~}xr. And since the Day 's  norm is strictly 
convex [2, pp. 94-100],  we conclude that 

f[{o}xK =g  

This holds for any tr ~ M ,  therefore f - - g .  �9 

Next  a crucial technical assertion follows. It is an extension of  a method  

from [ 10]. 

PROPOSITION. Let ( V, [[. [[ ) be a Banach space, M a separable metric space 
and K a compact space. Assume there exist a linear bounded one to one 

mappingS" V ~ CI(M • K) and points v ~ ~ V, i ~ N ,  z ~ M X K, such that for 
all 0 ~ v~  V 

v E s p { v f "  i E N ,  z E s u p p  Sv}. 

Then V admits an equivalent locally uniformly rotund norm. 

PROOF. (Of course we think that M c N N and K = [o~, v] • N* . )Fo r  vE  V, 

j ~ N and a finite set A c M • K we put  

E~ (v) = dist(v, sp{v/ :  i = 1 . . . . .  j ,  z ~A })2, 

FA(V) = Y~ Sv(z) 2. 
z E A  

Further  for v ~  V a n d j ,  l, m,  n E N  put  

Gj, t, m,.(V) = sup{Fa (V) + (1/l)EJa ( v ) : A  C U. X K, *CA = m }, 

where the Un are f rom Lemma.  Finally define a norm [. I on V by 

o0 

I vl 2 =  II vii 2 + 2~ 2-J-t-m-" 'V- uj.,.m,.(V) + U Sv 113, vE V, 
j , l ,m ,n~ l  

where [[. [[ M is a strictly convex norm on C~(M X K), see Theorem 3. Clearly, 

I. I is an equivalent norm. 

It remains to show that I. I is locally uniformly convex. Since S is one to one 

and I[. [[ M is strictly convex, I. [ will be strictly convex, too. Let now 0 # v ~  V 

and { Vk } C V be such that 

21V12+2[Vk[ 2 -  [ V + Vk [2--~ 0. 
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We will be done when we show that { Vk } is relatively compact. So let e > 0 be 

given; we are to find a finite e-net for {Vk}. From the assumptions there is a 

finite set 
{('~i, i l )  . . . . .  (rr, i,)} C supp SV X N 

such that 
dist(v, sp{v~, . . . . .  v~,}) < e. 

Denote 

Ao = {zl . . . . .  Zr}, j = m a x { i l , . . . ,  ir}. 

Then surely Ejo(V) < e 2. Put F = rtl(A0) X K. Since F is compact, Sv restricted 

to F lies in c0(F) and therefore there exist A > 0 and a finite subset A of  F, 

containing A0, such that 

(2) A + max{ I Sv(z) I : z ~ F  \ A } < min{ I Sv(z) I : z CA }. 

Note that then also 

EJ (v) < e 2. 

Set m -- #A .  According to Lemma we can find n E N  such that U, D n~(A) and 

(3) Sv((U. \ n,(A)) X K) c ( - A/2, A/2). 

Finally we choose l ~ N such that 

l > 4 II v II 2/zxz. 

For each k ~ N find Ak C U~ • K,  #A k  = m ,  so that 

ck =--Gj, t,m,.(v + vk) - Fa,(v + Vk) -- ( I/I)E~, (v + Vk)~O. 

We shall show that Ak = A for all large k ~ N. Suppose there is k E N with 

Ak 4: A; So Ak \ A § ~ .  Then we have 

(4) Fa,(v) + 3A2/4 < Fa(v). 

Indeed, if rq(Ai) c rq(A0) then (4) follows directly from (2). If  there is z E A i  
such that h i (z)$  n~(Ao), then from (3) and (2) we have 

Sv(z) 2 + 3A2/4 < A 2 < min Sv(a) 2, 
e~_.A 

which implies (4). Thus 
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1 
Gj'I' m'n(V) >-~ FA(V) "~- 7 G (V) 

> ( 3 ~  2 1 v l l E ) + ( G , ( v ) + { E j A , ( v ) )  
- i l l  

and so from convexity 

2J+t+m+"(2lvlZ + 21Vkl 2 -  IV+ Vkl 2) 

> 2Gj, l,m,n(V) + 2Gj, t,m,n(Vk) -- Gj, l,m,n(V+ Vk) 

- 7  Ilvll= + 2FA,(V)+ EJa,(v)+ 2FA,(Vk)+ Ej,(Vk) 

1 
- Fa,(v + Vk) - 7 EjA' (v + Vk) - G , 

-- - 711vl l  5 - - c k > A ~ - - c k  

whenever Ak ~ A .  If now Ak ~ A for infinitely many k ~ N, then, when going 
with these k to infinity in the last inequality, we get 0 > A 2, a contradiction. 
Hence Ak = A for all k ~ N but finitely many of them. Then from convexity 

again it follows that 

2J+t+m+"l(21vlZ + 21Vkl 2 -  Iv+vkl z) 

>--_ 2EJA (V) + 2EJA (Vk) -- EJA (V + Vk) -- lCk 

>= ( G  (vk)~/2 _ G (v)1/2)2 _ lck 

for large k ~ N. Therefore 

lim dist(vk, y)2 = lira E~ (Vk) = EJA (V) < e z, 
k k 

where 
Y = s p { v f ' i = l , . . . , j ,  z E A } .  

Note now that Y is finite dimensional and {Vk} is bounded. Therefore {Vk} 

must have a finite e-net. �9 

THEOREM 4. Let  a dual 1I* be a Vagdk space. 
Then V admits  an equivalent locally uni formly rotund norm.  
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PROOF. Let {P~ : to =<_ o~ _-< v} be the sequence of projections on V* con- 
structed in the same way as at the beginning of the proof of Theorem 2 (where 
V* is replaced by V). Let S : V** --- Ct(Y' • [to, v] X N*) be the corresponding 
mapping constructed with the help of these P~ in Theorem 2. It means that S is 

defined by 

Sv**(a, ,x, n) 

=•(v** , r  if a = a • ,  a < v ,  hEN,  
(a, a, n)~Z'  X [to, v] • N* 

to otherwise, 

where o~ E O - I ( ~ ) ,  ~ E V*, II II --< 1/n, and {~"  n ~N} are linearly dense 

in (P~+I - P~)V*. 

We shall verify the assumptions of Proposition. Fix any aE[ to ,  v). We 
know that (Pa+t - Pa) V* are separable spaces for each fl E[to, v) and that by 

Theorem 1 (iv) U { (Pa + I - -  eft)  ~ : to ~ ~ < V ) is  linearly dense in V*. Also 
(v**, v * ) = 0  whenever v**E(P*+l-P*)I/** and v*E(Pfl+l-Pa)V* with 

# a. Putting these facts together we can conclude that the weak* topology 
restricted to bounded subsets of  (P*+ t - P*) V** has a countable base. Now, 
since the image of the unit ball of  V under the canonical embedding ~c : V 
l/** is weakly* dense in the unit ball of  V**, there exists a sequence (u7 } C V 
such that {Jc(u~)} is weakly* dense in (P*+I -P*)V** .  Denote 

A(V)-'={aE[to, v)'P,~*+IoK(V)v~-P,~*oK(V)}, Ov~VEV. 

Fix any 0 ~ vE V. We claim 

(5) vEsp{uT" i~N,  a~A(v)}.  

We shall prove it. By contradiction assume that (5) is false. Then from the 
Hahn-Banach theorem there is v* E I/* such that (v*, v) > 0 and (v*, u~' ) = 0 

for all i E N  and all aEA(v) .  By Theorem l(iv) we know that P , v * ~ v *  in 

norm if ~---v. It follows by transfinite induction that there is a finite set 
F c [to, v) such that 

v* - ~, (P,,+l - P,,)v* < (v*, v) 
2 II v II 

Hence 

(v*,v)--~eF • ((P"+I--P")v*'v) I < (v*,v)/2, 

that is, 
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(v*, v) - E ((P*+I - P*)(x(v)), v*) [ < (v*, v)/2. 
aEF  N A(v) 

And using the properties of u?, we can find i~ ~ N for each a ~ F such that 

(v*, v) - 2 (x(uD, v*) ] < (v*, v)/2. 
a ~ F  N A(v) 

But the left hand side here is equal to (v*, v) ( >  0), a contradiction. Thus we 
have proved the claim (5). 

Further we claim that for every a ~ A ( v )  there are tr ~Z;  and n E N  such that 
( a , a , n ) ~ s u p p S o x ( v ) .  So let aEA(v) ,  that is, P*+lox(v) q:P*~ox(v). It 

means there is v* ~ V* such that 

( (P*+l -P*ox(v ) , v* )  * 0 ,  i.e., (x(v) , (P~+l-P~)v*)  # 0 .  

Now we recall that the sequence {~  : n E N} is linearly dense in (P~+ 1 - P~) V*. 
Hence there is n E N  such that (x(v), ~ )  # O. But the left hand side here is 
equal to S(x(v))(a~, a, n) by the definition of S. Thus (try, a, n) lies in 
supp S o x(v) and the claim is proved. 

Finally for z = (tr, a, n ) ~ E '  • [o9, v) X N and i ~ N  put 

Then clearly 
v:  = uT. 

v~sp{v[ :  i E N ,  r ~ s u p p S  oK(v)}. 

All the assumptions of Proposition are now verified and therefore Vadmits 
an equivalent locally uniformly rotund norm. �9 

QUESTION. Does every dual Vag~ik space admit an equivalent dual locally 
uniformly rotund norm? 
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