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ABSTRACT
Let ¥ be a Banach space whose dual V*is Vasik, that is, weakly countably
determined. Then an equivalent locally uniformly rotund norm on V is
constructed. According to a recent example of Mercourakis, this is a real
extension of an earlier result of Godefroy, Troyanski, Whitfield and Zizler,
where V*has been a subspace of a weakly compactly generated Banach space.

There are known four renorming results on weakly compactly generated
Banach spaces: If V is weakly compactly generated, then V admits a locally
uniformly rotund norm (Troyanski [10] modulo Amir and Lindenstrauss [1])
and its dual V* admits a dual strictly convex norm (Amir and Lindenstrauss [1]
modulo Day [2, pp. 94-100)). If the dual V* is a subspace of a weakly compactly
generated Banach space then V has a locally uniformly rotund norm (Godefroy,
Troyanski, Whitfield and Zizler [4]) and V* also has a dual locally uniformly
rotund norm (Godefroy, Troyanski, Whitfield and Zizler [3]).

Vasak in his famous paper [11] defined a more general class than the weakly
compactly generated spaces are: He says that a Banach space V is weakly
countably determined, now also known as a Vasdk space, if there are a
subspace X’ of NN, N means the natural numbers, and an upper semiconti-
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nuous, compact valued, and surjective mapping ¢:X' —(V, w), where w
denotes the weak topology. In his paper Va$ak also shows by adaping the
method used for the weakly compactly generated spaces that the Vasdk space is
renormable in the locally uniformly convex manner. Recently Mercourakis [6]
showed that V*is dually strictly convexifiable provided that V is a Vasdk space.
In this paper we will prove one of the remaining extensions:

THEOREM 4. [f the dual V* of a Banach space V is a Vasdk space, then V
admits an equivalent locally uniformly rotund norm.

It should be noted that Mercourakis has recently constructed a dual Vagak
space which is not a subspace of a weakly compactly generated space [7]. So the
above theorem is a real extension of the known one [4].

For the proof of Theorem 4 we shall need both a Vas§ak result that a Vasak
space admits a “long sequence” of nice projections [11], [5], [9] and that of
Mercourakis [6, Theorem 2.5]. The main tool in the proof will be an extension
of a technique from [10] in the sense that we shall replace the use of the space
c(I') by a more general space C,(M X K), M separable metrizable and K
compact, introduced by Mercourakis in his paper [6]. Recall that f€
C(M X K) if and only if f€/ (M X K) and f restricted to L X K lies in
co(L X K) for any compact L C M. We shall consider C,(M X K) with the
supremum norm, under which it is a Banach space.

We shall need.

THEOREM 1 (Vas$ak). Let(V, || .| ) be a Vasdk space and let u be the first
ordinal of cardinality dens V.

Then there exists on V a projectional resolution of the identity, that is, there is
a “long sequence” {Q, : @ = a = u} of linear projections on V such that Q,, =0,
Q, = identity, and for all w < a = u the following hold:

® 1C.1 =1,

(i) 0.0y = Q0. =G ifw <f=a,

(iii) dens Q, = card «, and

(iv) for each vEV the mapping B — Qv is continuous at a in the norm
topology.

The next theorem, due to Mercourakis [6], was originally formulated and
proved in the language of the spaces of continuous functions. Also the proof
was performed with help of a well known Gul’ko construction [5], which is
rather topological. Another proof is due to Pol [8]. In what follows we present
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our own, perhaps simpler, and fairly function analytical proof. Let N* denote
the one point compactification of the discrete set N.

THEOREM 2 (Mercourakis). Let V be a Vasdk space.

Then there exist ' C NN, an ordinal v, with card v = dens V, and a linear
bounded one to one mapping S: V*— C\(X' X [w, v] X N*), which is also
weak* to pointwise continuous.

PrOOF. Write V = ¢(X’), where X’ C NN and ¢ is an upper semicontinuous
compact valued mapping from X’ to (V, w). By transfinite induction over
dens V and with the help of Theorem 1 we can find a new “long sequence” of
linear projections {P,:a€[w,v]}, n some ordinal with card v =dens V,
which has the same properties as Q, (maybe except (i)) and moreover with
(P,+, — P,)V separable for every a € [w, v), see [2, pp. 165-166]. So there are
sequences {h; :nE€N}, || h; | = 1/n, which are contained and are linearly
dense in (P,,, — P,)V. Further, for any a €[w, v) and any n €N find 67 €Y’
such that 4; € ¢(o;). Finally define a mapping S': V*— [ (X’ X [w, v] X N*) by

Sv*(o, a, n)

*,h: 'f =O’;’ < b EN’
={<” ) ito =V m (@, 2, n)EL X [, v] X N*.

0 otherwise,

Clearly, S is well defined (as || A7 || < 1/n), linear, bounded, and weak* to
pointwise continuous. It is also injective. In fact, take any 0 # v*E V*. As
U{(P,+, — P.)V: ® = a<v} is linearly dense in ¥ by Theorem 1(iv), there
is a€[w, v) such that v* restricted to (P,,, — P,)V is not identically zero.
Hence there is n €N such that

(v*, hZ) # 0.

It means that Sv*(o?, a, n) # 0; Sv* # 0.

It remains to prove that the range of S lies in C\(X’ X [w, v] X N*). So take
any v* € V*, fix some compact K C ¥’ and let ¢ > 0 be given. We are to show
that Sv* restricted to K X [w, v] X N* belongs to ¢(K X [@, v] X N*). By
contradiction, assume there exists a one to one infinite sequence
{(Om> o, 1)} in K X [, v) X N such that

| SV*(O s Qs M) | > € for all m €N.

As || Az || = 1/n for all a and all n, it follows that the sequence {«,,} must
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contain infinitely many different elements. Let us, for simplicity, assume that
a,, # a,if m # k. Note that g,, = g;; thus

[(v*, hgm)| >e.

But A Ep(ogr) = ¢(0,,) C #(K), which is a weakly compact set owing to the
properties of ¢. Let 4 be a weak cluster point of the sequence {A;~}. As a,,, # oy
for m # k, it follows that (P,,, — P,)h =0 for each a€[w, v). Hence by
Theorem 1(iv) 2z = 0. But on the other hand we have

|{v*, h)| Zliminf |(v* k)| Z€>0,

a contradiction. Hence Sv* lies in Cy(Z’ X [w, v] X N*). |

The next lemma is an extension (and a small correction) of [6, Lemma
4.10(b)(ii)], where A was a singleton. Let m; denote the canonical projection of
M X Konto M.

LEMMA. Let M be a separable metric space and K a compact space.

Then the topology of M has a countable base {U,}, closed under finite
intersections, and such that for every f€ C(M X K), for every finite set A C
M X K, and for every A> 0 there is n €N such that

U,Dn(4) and fU,\1(4)) XK)C(=A4A,A).

ProoF. Let U’ be a countable base for the topology in M. Let U be the
smallest family of subsets in M which contains U’ and is closed under finite
unions and finite intersections. Clearly U is countable; write U = {U, }.

Let f€ C,(M X K), a finite set A C M X K and A> 0 be given. It is easy to
find a sequence {»;} C N such that U, D U,,D - - - D n(4) and

n(A)= ﬁ 7,,

Assume now, by contradiction, that for every i€N there is (g;, k)€
(U, \ m,(4)) X K such that | f(g;, k;)| Z A. Then we can easily check that the
sequence {(g;, k;)} is infinite and the set {(g;,k;)} U m,(4) X Kis compact. And
this contradicts the fact that f'is an element of C;(M X K). [ |

The following theorem was proved in [6]. We present here a slightly different
proof.
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THEOREM 3 (Mercourakis). Let M be a separable metric space and K a
compact space.

Then C(M X K) admits an equivalent strictly convex norm.

Proor. Let {U,} be the base from Lemma. For X C M X K we define a
pseudonorm |.|yon C;(M X K) by

|ﬂ§=wp{§4-whuaﬂuruACA4xx,n#ann#m}

n=1

where xx(t) =1 if TEX and xx(r) =0 if tEM X K\ X. Further define for
n €N pseudonorms ||. ||, by

ISl = 1S loxx
and finally put

1717= 5 410+ 1S1E JECOIXK),

where || . ||, is the supremum norm. As |.[x = || . ||, |l - || is an equivalent
norm on C,(M X K).

Let us consider an arbitrary # € Ci(M X K)and any ¢ € M. By Lemma there
is a sequence {n;} C N such that forall i EN

€U, and h((U,\{c}) XK)C(— Vi, /i).
Then by the triangle inequality
LA N = 1A loyxx] = 1R ly,xx = 1 lyxx] = 1Al @pxx = 1/,

as |.Ix = || . || .- Hence

(1) |h I(a)XK = h{n " h "m'

Now we are ready to prove that the norm | .|| is strictly convex. Let
f,8€C(M X K) be such that | f|| = ||g|| =4|| f+& | . From convexity
we deduce that || f|l.= lgll.=131]| f+g|.forall nEN. As {U,} is closed
under finite intersections, it is easy to verify that for any ¢ €M there is a
sequence {n;} C N such that (1) holds whenever 4 is replaced either by f, g, or
S+ g; thus

| flioyxx = 18 ligyxx = 31 (f + &) oy xx-
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Now we know that the restriction A |(a)>< x of any h € C(M X K) to the set
{0} X K belongs to cy({g} X K) and we can observe that |/ |,k is nothing
else than the Day’s norm of & I(,,)X k- And since the Day’s norm is strictly
convex [2, pp. 94-100], we conclude that

fl(a)xK =& |(a)x1<-
This holds for any 0 €M, therefore f = g. |

Next a crucial technical assertion follows. It is an extension of a method
from [10].

ProposiTiON. Let(V, | .|| ) be a Banach space, M a separable metric space
and K a compact space. Assume there exist a linear bounded one to one
mapping S: V— C(M X K) and pointsv; €V,i EN, tEM X K, such that for
all0#vEV

vEsp{vf:iEN, TEsupp Sv}.

Then V admits an equivalent locally uniformly rotund norm.

ProOOF. (Of course we think that M C N¥Nand K = [w, v] X N*.) ForvEV,
JEN and a finite set 4 C M X K we put

Ej()=dist(v,sp{v;:i=1,...,j, TEA}D?
F,(v)= X Sv(t)%
T€EA
Further for vEVand j, [, m, n €EN put
Gj 1, m n(v) =sup{F,(v) + (1/DE,(v): A C U, XK, #4 =m},

where the U, are from Lemma. Finally define a norm |.| on V by

wE= o2+ § 297G a0+ | Sullk, vEY,
Jyl,mn=1
where || . || is a strictly convex norm on Cy(M X K), see Theorem 3. Clearly,
|.] is an equivalent norm.
It remains to show that |.| is locally uniformly convex. Since S is one to one
and || . || is strictly convex, |.| will be strictly convex, too. Let now 0 # vEV
and {y; } C V be such that

21012+ 2 v 12— v+ v |*—0.



220 M. FABIAN AND S. TROYANSKI Isr. J. Math.

We will be done when we show that {v,} is relatively compact. So let £ > 0 be
given; we are to find a finite ¢-net for {v;}. From the assumptions there is a
finite set
{(ti, 0), ..., (1,,i,)} Csupp Sy X N
such that
dist(v, sp{v], ..., v} <e.
Denote
Ao=A{t,...,%}, Jj=max{i,...,i}.

Then surely Ej (v) <&’ Put I' = m,(4,) X K. Since I' is compact, Sv restricted
to T lies in ¢i(I") and therefore there exist A>0 and a finite subset 4 of T,
containing A,, such that

) A+ max{|Sv(7)|: €T\ 4} <min{|Sv(r)|: TEA}.
Note that then also
E\(v)<el
Set m = #A. According to Lemma we can find n €N such that U, D n,(4) and
3) Sv((U, \ m(A4)) X K) C(— A2, A)2).
Finally we choose / €N such that
I>4|v| YA
For each kEN find 4, C U, XK, #4, = m, so that
=Gj | ms(v+0v)— Fo(v+v)—(V/DE, (v+ u)—0.

We shall show that 4, = A4 for all large kK EN. Suppose there is k EN with
A #A; So A\ A #+ &. Then we have

) F,(v) + 3AY4 < F,(v).

Indeed, if 7,(A4;) C m,(A4g) then (4) follows directly from (2). If there is 7 €4,
such that n,(7) & 7,(4), then from (3) and (2) we have

Sv(t)? + 3A%4 < A< min Sv(o)?,
g€EA

which implies (4). Thus
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| S
Gj,l,m,n(v) = FA(U) +7Efg (U)

L Lg
>( vl )+(FAk(v)+ lEAk(v)>,

and so from convexity
2422+ 2| u | = v+ v P

= 2Gj, I,m,n(v) + 2Gj, l,m,n(vk) - Gj, l,m,n(v + vk)

S 2. 2 g
>2 (T - 7 " v " 2) + 2FA;,(V) + 'l' Ezjik (l)) + 2FAk(vk) + 7 E;"‘k (vk)

1.
—FA,‘(U+ vk)_'iEﬁk(U+Uk)—Ck .

whenever A4, # A. If now A, # A for infinitely many k €N, then, when going
with these k to infinity in the last inequality, we get 0 = A2, a contradiction.
Hence A; = A for all K €N but finitely many of them. Then from convexity
again it follows that

Ym0+ 2 u P — v 4wl
= 2Ei(v) + 2E}(v) — Ef(v + 1) — Iy
Z (B4 (0)"* — Ef()")? — loy
for large kK €N. Therefore
li’xcn dist(y,, Y)? = liin Ei(v)=Ei(v)<éel,

where
Y=sp{vi:i=1,...,j, T€A}

Note now that Y is finite dimensional and {v,} is bounded. Therefore {v}
must have a finite ¢-net. |

THEOREM 4. Let a dual V* be a Vasdk space.
Then V admits an equivalent locally uniformly rotund norm.
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ProOF. Let {P,:®w =a =v} be the sequence of projections on V* con-
structed in the same way as at the beginning of the proof of Theorem 2 (where
V*is replaced by V). Let S: V** — C,(X’ X [w, v] X N*) be the corresponding
mapping constructed with the help of these P, in Theorem 2. It means that Sis
defined by

Sv**(g, a, n)

** fa\  if g =g® <v, eN
={(v 36’!) 1 O- an, @ v n (O',Ol,n)EZ’X[wav]XN*

0 otherwise,

where o €9~ 1(&), E2EV*, || & || = 1/n, and {& : n EN} are linearly dense
in(P,,, — P)V*.

We shall verify the assumptions of Proposition. Fix any «€[w, v). We
know that (Ps.., — P;)V* are separable spaces for each f E[w, v) and that by
Theorem 1(iv) U{(Ps,, — P;)V*: w =B <v} is linearly dense in V*. Also
(v**, v*) =0 whenever v**E(P¥ | — P¥)V** and v*E(FP;,, — P)V* with
B # a. Putting these facts together we can conclude that the weak* topology
restricted to bounded subsets of (PX., — P¥)V** has a countable base. Now,
since the image of the unit ball of ¥ under the canonical embedding x: V —
V** is weakly* dense in the unit ball of V**, there exists a sequence {¢} C V'
such that {x(u7)} is weakly* dense in (P¥, , — P¥)V**. Denote

A@)={a€[w,Vv): P¥ o k(v) # P¥k(v)}, 0#vEV,
Fix any 0 # v€ V. We claim
5) vEsp{uf: i EN, aEA(v)}.

We shall prove it. By contradiction assume that (5) is false. Then from the
Hahn-Banach theorem there is v* € V*such that (v*, v) > 0and (v*, u®) =0
for all i EN and all a€A(v). By Theorem 1(iv) we know that P,v* —v* in
norm if a—v. It follows by transfinite induction that there is a finite set
F C [w, v) such that

*
v — 3 (P, — PJor|| <322
oEF 2 v
Hence .
(V*,0) = X ((Poy1 — PIU*, 0) | <(v*,0v)/2,
aEF

that is,
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(* vy — X A(PA = PH(x@), v*)

aEF NA@Y)

< (v*, v)/2.

And using the properties of u?, we can find i, EN for each « € F such that

(vrvo)y— X (k) v*)

aEF NA(v)

< {v*,v)/2.

But the left hand side here is equal to (v*, v) (> 0), a contradiction. Thus we
have proved the claim (5).

Further we claim that for every a € A(v) there are 6 €X' and n €N such that
(0,0, n)Esupp Sok(v). So let a€EA(v), that is, P¥ ok(v) # P¥ox(v). It
means there is v* € V* such that

((I)a*+1 - Pa* OK(U)5 U*) #* 05 i'e-, (K(U)a (Pa+1 - Pu)v*) s 0

Now we recall that the sequence {&; : n €N} is linearly dense in (P, ., — P,)V*.
Hence there is n €N such that (k(v), &) # 0. But the left hand side here is
equal to S(x(v)) oz, a, n) by the definition of S. Thus (62, o, n) lies in
supp S ¢ k(v) and the claim is proved.

Finally for 1 = (g, a, 1)€Y X [w, v) X N and i €N put

v =uf.
Then clearly
vEsp{vi:iEN, T1Esupp S ok (v)}.

Ali the assumptions of Proposition are now verified and therefore ¥ admits
an equivalent locally uniformly rotund norm. |

QuesTION. Does every dual Vasak space admit an equivalent dual locally
uniformly rotund norm?
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